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Abstract
The p-adic invariant q-integral on Zp was originally constructed by T. Kim [T. Kim, On a q-analogue of the p-adic log gamma
function and related integrals, J. Number Theory 76 (1999) 320–329]. Recently, many authors have been studying the extended
Bernoulli numbers or Euler numbers by using this p-adic q-integral in the fermionic or bosonic sense. Let i ∈ OCp = {x ∈ Cp :|x |p 6 1}. Then we consider new (i, q)-Bernoulli and Euler numbers using p-adic q-integrals in this work.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Let p be a fixed odd prime number. Throughout this work, Zp, Qp, C and Cp will respectively denote the ring of
p-adic rational integers, the field of p-adic rational numbers, the complex numbers field and the completion of the
algebraic closure of Qp. For a fixed positive integer d with (d, p) = 1, let
X = Xd = lim←−
N
(
Z/dpNZ
)
, X1 = Zp,
X∗ =
⋃
0<a<dp
(a,p)=1
(a + dpNZp),
a + dpN = {x ∈ X : x ≡ a(mod dpNZp)},
where a ∈ Z with 0 6 a < dpN .
The p-adic absolute value in Cp is normalized so that |p|p = 1p . When one talks of q-extension, q is considered in
many ways, e.g. as an indeterminate, a complex number q ∈ C and a p-adic number q ∈ Cp. If q ∈ C one normally
assumes that |q| < 1. If q ∈ Cp, we assume that |1−q|p < p−
1
p−1 , so that qx = exp(x log q) for |x |p 6 1 (cf. [3–5]).
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In this work, we use the notation below:
[x]q = 1− q
x
1− q = 1+ q + q
2 + · · · + qx−1,
[x]−q = 1− (−q)
x
1+ q = 1− q + q
2 − q3 + · · · + (−1)xqx−1.
We say that f is uniformly differentiable function at a point a ∈ Zp, and denote this property by f ∈ UD(Zp), if
the quotients of differences
F f = f (x)− f (y)x − y
have a limit l = f ′(a) as (x, y)→ (a, a). For f ∈ UD(Zp), Kim stated the expression
1
[pN ]q
∑
06 j<pN
f ( j)q j =
∑
06 j<pN
f ( j)µq( j + pNZp), (cf. [6,10]),
representing the q-analogue of Riemann sums for f . For f ∈ UD(Zp), the p-adic invariant q-integral on Zp was
originally defined by
Iq( f ) =
∫
Zp
f (x)dµq(x) = lim
N→∞
1
[pN ]q
pN−1∑
x=0
f (x)qx , (cf. [6,10]),
where N is a natural number and
µq( j) = µq( j + pNZp) = q
j
[pN ]q .
Let i = (−1)1/2 be a solution of x2 + 1 ≡ 0(mod p) and let OCp = {x ∈ Cp : |x |p 6 1} be the integer ring of
Cp. Then we have i ∈ OCp . We now define
Ii ( f ) = lim
q→i Iq( f ) =
∫
Zp
f (x)dµi (x), (1)
where i ∈ OCp .
The main objective of this work is to define new (i, q)-Bernoulli and Euler numbers by using the integral
representation (1), which are algebraic extensions of the q-Bernoulli numbers Bn,q [9,13,14] and Frobenius–Euler
numbers Hn(q) [7,8,12].
2. (i, q)-Bernoulli numbers
Consider the integral representation (1). If we take f (x) = [x]nq in (1), then we have
Ii ([x]nq) =
∫
Zp
[x]nqdµi (x) =
1
(1− q)n
n∑
l=0
(n
l
)
(−1)l
∫
Zp
qlxdµi (x)
= 1
(1− q)n
n∑
l=0
(n
l
)
(−1)l lim
N→∞
1
[pN ]i
pN−1∑
x=0
qlx ix
= 1
(1− q)n
n∑
l=0
(n
l
)
(−1)l lim
N→∞
1− i
1− ipN
1− qlpN ipN
1− iql
= 1
(1− q)n
n∑
l=0
(n
l
)
(−1)l 1− i
1− iql .
708 M. Cenkci et al. / Applied Mathematics Letters 21 (2008) 706–711
We write
Ii ([x]nq) = β(i)n,q ,
motivated by Carlitz’s q-Bernoulli number βn,q [1,11], and we call this number the (i, q)-Bernoulli number. Therefore,
for n ∈ Z, n > 0, i ∈ OCp , we have
β(i)n,q =
∫
Zp
[x]nqdµi (x) =
1
(1− q)n
n∑
l=0
(n
l
)
(−1)l 1− i
1− iql .
Let f1(x) = f (x + 1). By applying (1), we have
Ii ( f1) =
∫
Zp
f1(x)dµi (x) =
∫
Zp
f (x + 1)dµi (x)
= lim
N→∞
1
[pN ]i
pN−1∑
x=0
f (x + 1)ix
= 1
i
lim
N→∞
1
[pN ]i
pN−1∑
x=0
f (x)ix + 1
i
lim
N→∞
ip
N
f (pN )− f (0)
[pN ]i
= 1
i
∫
Zp
f (x)dµi (x)+ i− 1i f (0)+
i− 1
i log i
f ′(0).
Therefore we obtain the following theorem:
Theorem 1. For i ∈ OCp and f1(x) = f (x + 1), we have
iIi ( f1)− Ii ( f ) = (i− 1) f (0)+ i− 1log i f
′(0),
where f ∈ UD(Zp).
If we take f (x) = ext in Theorem 1, then we have
iIi (etext )− Ii (ext ) = i− 1+ (i− 1)log i t
Ii (ext ) = i− 1log i
(
log i+ t
iet − 1
)
.
Motivated by the q-Bernoulli numbers Bn,q defined in [11], we write
log i+ t
iet − 1 =
∞∑
n=0
Bn,i
tn
n! ,
and call Bn,i the i-Bernoulli number. Therefore, we have
Ii (ext ) = i− 1log i
∞∑
n=0
Bn,i
tn
n! ,
and, expanding ext and comparing coefficients on either side,
Ii (x
n) = i− 1
log i
Bn,i .
If we take f (x) = et[x]q in Theorem 1, then we have
iet Ii (eq[x]q t )− Ii (e[x]q t ) = i− 1+ i− 1log i
log q
q − 1 t.
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By using (1) and Taylor expansion of ex , we can write
iet
∞∑
n=0
qn
∫
Zp
[x]nqdµi (x)
tn
n! −
∞∑
n=0
∫
Zp
[x]nqdµi (x)
tn
n! = i− 1+
i− 1
log i
log q
q − 1 t.
By using the definition of the (i, q)-Bernoulli numbers, we have
i− 1+ i− 1
log i
log q
q − 1 t = ie
t
∞∑
n=0
qnβ(i)n,q
tn
n! −
∞∑
n=0
β(i)n,q
tn
n!
=
∞∑
n=0
(
i
n∑
m=0
( n
m
)
qmβ(i)m,q − β(i)n,q
)
tn
n!
= (i− 1)β(i)0,q + (i+ (iq − 1)β(i)1,q)t +
∞∑
n=2
(
i
n∑
m=0
( n
m
)
qmβ(i)m,q − β(i)n,q
)
tn
n! .
By comparing the coefficients on either side, we have
β
(i)
0,q = 1, β(i)1,q =
i− 1
log i
log q
q − 1
1
i+ (iq − 1) ,
and for n > 2,
β(i)n,q = i
n∑
m=0
( n
m
)
qmβ(i)m,q .
So we write∫
Zp
dµi (x) = 1, and
∫
Zp
[x]qdµi (x) = i− 1log i
log q
q − 1
1
i+ (iq − 1) .
3. (i, q)-Euler numbers
Let us consider
I−q( f1) = lim
q→−q Iq( f1)
with f1(x) = f (x + 1). From the definition of the p-adic q-integral, we have
I−q( f1) =
∫
Zp
f1(x)dµ−q(x) =
∫
Zp
f (x + 1)dµ−q(x)
= − 1
q
lim
N→∞
1
[pN ]−q
pN−1∑
x=0
f (x)(−q)x − f (0)+ f (pN )(−q)pN

= − 1
q
∫
Zp
f (x)dµ−q(x)+ 1q limN→∞
f (pN )q p
N + f (0)
[pN ]−q
= − 1
q
∫
Zp
f (x)dµ−q(x)+ 1+ qq f (0).
Therefore we obtain the following theorem:
Theorem 2. For q ∈ Cp with |1− q|p < 1, f ∈ UD(Zp) and f1(x) = f (x + 1), we have
q I−q( f1)+ I−q( f ) = (1+ q) f (0).
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Corollary 3. Letting q → i in Theorem 2 where i ∈ OCp , we have
iI−i ( f1)+ I−i ( f ) = (1+ i) f (0),
for f ∈ UD(Zp) and f1(x) = f (x + 1).
If we take f (x) = ext in Theorem 2, then we have
q I−q(etext )+ I−q(ext ) = 1+ q.
The Frobenius–Euler numbers Hn(q) are defined by means of
1− q
et − q =
∞∑
n=0
Hn(q)
tn
n! , (cf. [2,7,8,12]).
Since
I−q(ext ) =
∫
Zp
extdµ−q(x) = 1+ qqet + 1 =
1− (−q−1)
et − (−q−1) =
∞∑
n=0
Hn(−q−1) t
n
n! ,
we have
I−q(xn) =
∫
Zp
xndµ−q(x) = Hn(−q−1),
by using Taylor expansion of ext and comparing the coefficients on either side.
Taking motivation from the above relation, we define (i, q)-Euler numbers H (i)n,q which are the algebraic extensions
of Frobenius–Euler numbers Hn(q) as follows:
Definition 4. For n > 0, we define (i, q)-Euler numbers H (i)n,q as
H (i)n,q =
∫
Zp
[x]nqdµ−i (x).
The following theorem related to (i, q)-Euler numbers can easily be verified:
Theorem 5. For n > 0, we have
H (i)n,q =
1
(1− q)n
n∑
l=0
(n
l
)
(−1)l 1+ i
1+ iql .
Now, if we take f (x) = et[x]q in Corollary 3, then we have
iet I−i (eq[x]q t )+ I−i (e[x]q t ) = 1+ i.
By using Taylor expansion of ex and the definition of I−i ( f ), we can write
iet
∞∑
n=0
qn
∫
Zp
[x]nqdµ−i (x)
tn
n! +
∞∑
n=0
∫
Zp
[x]nqdµ−i (x)
tn
n! = 1+ i.
Thus we have
1+ i = iet
∞∑
n=0
qnH (i)n,q
tn
n! +
∞∑
n=0
H (i)n,q
tn
n!
=
∞∑
n=0
(
i
n∑
m=0
( n
m
)
qmH (i)m,q + H (i)n,q
)
tn
n!
= (1+ i)H (i)0,q +
∞∑
n=1
(
i
n∑
m=0
( n
m
)
qmH (i)m,q + H (i)n,q
)
tn
n! .
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Therefore we obtain
H (i)0,q = 1, and for n > 1, H (i)n,q = −i
n∑
m=0
( n
m
)
qmH (i)m,q .
From these results we can write∫
Zp
dµ−i (x) = 1, and
∫
Zp
[x]qdµ−i (x) = − i1+ iq .
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